The defect-induced D line and its overtone are fundamental signatures in the Raman spectra of carbon nanomaterials. An analysis of these lines as a function of laser excitation energy is reported for double-walled carbon nanotubes where the inner tubes represent high-curvature nanotube species. From 13 C substituted inner tubes it is demonstrated that the quasilinear relations between laser energy and line position ͑Raman dispersion͒ cross over unexpectedly for low-energy excitation for the inner and outer tube shells. The result is quantitatively explained by a curvature-induced phonon softening and first-principles calculations of the optical transition energies.
graphite, and diamond share many common features. Among the various vibrational modes, the defect-induced D mode around 1350 cm −1 and its overtone, the 2D ͑also known as D ‫ء‬ or GЈ͒ mode around 2700 cm −1 are observed in sp 2 carbon materials. [6] [7] [8] [9] The D and 2D modes are unique as their Raman shifts change linearly with the exciting laser energy by about 50 cm −1 / eV and 100 cm −1 / eV, respectively. This phenomenon is called Raman dispersion 10 since a change in the laser energy corresponds to a change in k vector in the scattering process. The D line is also widely used to characterize defect structure and grain size in carbonaceous materials. 11 The D and 2D mode Raman dispersions were explained in graphite by a double resonance process which includes a scattering of the excited electron by a zone boundary phonon. 12 This distinguishes these modes from usual zonecenter phonons. Thus, the study of D and 2D modes allows for a unique insight into the electronic and vibrational properties. 13 The double resonance model was extended to SWCNTs by considering the latter as curved graphene and by taking the additional effect of the Van Hove singularities into account.
14 It is generally accepted that SWCNTs with diameters above 1.3-1.4 nm do behave as curved graphene, however SWCNTs with diameters below 1 nm show nongraphene derived behavior and their curvature plays an important role. This leads to compelling phenomena, e.g., to superconductivity in zeolite-grown highly curved carbon nanotubes. 15 Inner tubes of double-walled carbon nanotubes ͑DWCNTs͒ grown from C 60 molecules encapsulated inside SWCNTs are ideal small diameter tubes which provide a test bed to study curvature-dependent effects. An additional benefit of the inner tubes is that they can be grown as 13 C enriched species ͑using isotope enriched fullerenes͒ while the outer tubes remain of natural carbon. 16 A downshift of the inner tube D and 2D modes was reported but the Raman dispersion itself was found independent 17 or only weakly dependent on tube diameter. 18, 19 From these results in the visible spectral range, a crossover between the Raman dispersion of the outer and inner tubes is not expected.
Here, we report the anomalous Raman dispersion of the D and 2D modes for inner tubes with diameters as small as d Ϸ 0.7 nm. The respective modes from the inner tubes have smaller Raman shift for visible laser excitations ͑1.83-2.54 eV͒ but in contrast to expectations, the linear Raman dispersion from the outer and inner tubes cross for infrared excitation ͑1.16 eV͒. This result is confirmed from DWCNTs whose inner shell is 13 C enriched. First-principles calculations show a curvature-induced phonon softening. Including this softening in a parameterized phonon dispersion, together with considering curvature related changes in the electronic structure, explains the data.
II. EXPERIMENTAL
We studied DWCNT samples with inner walls of natural and 82% 13 C enriched carbon, denoted as 12 C and 13 C DWCNT, respectively. The diameter distributions of the outer and inner tubes were determined by a multilaser Raman measurement of the radial breathing mode following Ref. 20 , which gave mean diameters of 1.4 nm and 0.7 nm, respectively. We also found that the inner and outer tube diameter distributions follow each other with the same, 0.1 nm, Gaussian variance of the diameter distributions. Raman spectroscopy was performed for the visible range ͑1.83-2.54 eV͒ and with an infrared excitation ͑1.16 eV͒. Phonon and electron dispersions were calculated at the first-principles level using density-functional theory ͑DFT͒ with the Vienna ab initio simulation package ͓VASP ͑Ref. 21͔͒ within the local-density approximation. A plane-wave basis set was used with a cutoff energy of 400 eV. Geometries were fully relaxed and the phonon dispersions were calculated from the dynamical matrix which was obtained by numerical differentiation of analytical Hellman-Feynman forces. Phonon dispersions are depicted in the so-called helical Brillouin zone ͑BZ͒, exploiting the helical symmetry of the nanotubes. 22 This is an extended zone picture for the SWCNTs with two carbon atom unit cells. Figure 1 depicts the Raman spectra of the D and the 2D modes in 12 C DWCNTs excited with various lasers. Both modes can be fitted by two Voigtian curves ͑dashed curves in the figure͒. It was shown 19 for visible excitations ͑1.83-2.54 eV͒ that the two components of the 2D mode with higher and lower Raman shifts represent the response from the outer and inner tubes, respectively. The decomposition is less clear for the D mode but the inner and outer tube modes were identified previously with the help of 13 C labeling of inner tubes. 16 One expects that the two components can be assigned similarly for the infrared excitation ͑1.16 eV͒. This is not the case. Rather, in this spectrum the component with larger Raman shift comes from inner tubes and the one with smaller Raman shift comes from outer tubes. This is clearly shown with the help of 13 C enriched inner tubes in Fig. 2 . The 2D component that has a larger Raman shift is downshifted upon the isotope enrichment of the inner tubes for the 1.16 eV excitation. This contrast to visible excitations ͑e.g., 2.41 eV͒ where the component with the smaller Raman shift is downshifted upon isotope enrichment. The same is observed for the D mode ͑not shown͒ but we focus on the 2D mode in the following as therein Raman shift differences are twice as large. The magnitude of the downshift for the 2D mode is 85 cm −1 , which agrees with the value for visible excitations and also with that calculated from the mass enhancement of inner tubes. Peak positions, isotope downshifts, linearized Raman dispersion slopes, and mean deviation ͑͒ of the Raman dispersion from linearity for the 2D mode are given in Table I . Figure 3 shows the 2D mode Raman shifts for the outer and inner tubes for a large number of excitation energies. In agreement with a previous report, 19 a reasonable linear Raman dispersion is observed for the outer tubes with a weak oscillatory behavior on top of it. It can be fitted with a straight line ͑upper solid curve in Fig. 3͒ ͑2D͒ = linear with a larger slope at higher energy excitations than at low energies. When fitted by a linear function, the inner tube data yields A and B of 2486 cm −1 and 62 cm −1 / eV, and = 5.9 cm −1 . The latter is more than a factor two larger than the corresponding value for the outer tubes. Again, the experimental data are well reproduced by a linear fit ͑lower dashed curve in Fig. 3͒ to the calculated 2D Raman shifts ͑details are given below͒ with a Raman dispersion slope of 64 cm −1 / eV and = 7.3 cm −1 . In the following, we explain the observed 2D Raman mode softening and the anomalous Raman dispersion for the small diameter tubes. The double resonance theory for graphite 12 considers scattering between the two inequivalent K points of the graphene BZ. For SWCNTs, resonance between the Van Hove singularities and the exciting laser is of importance ͑the so-called triple resonance͒.
23

III. RESULTS AND DISCUSSION
14 In the single particle description, the optical transition energy equals the energy difference between Van Hove singularities.
Clearly, knowledge of the curvature-dependent phonon and electron dispersions is required to account for the data. Figure 4 shows a first-principles result of the phonon dispersion for the ͑7,3͒ and ͑14,6͒ SWCNTs. These tubes have diameters of 0.699 nm and 1.388 nm, respectively, which make them representative for an inner-outer tube pair in our samples. We observe a softening in the phonon energy of up to 60 cm −1 for the smaller inner tube and a strong dependence of this softening on the k vector. Similar results were obtained for a number of other relevant pairs of tubes.
In principle, DFT-based electron and phonon dispersions would yield a robust, first-principles result on the D and 2D Raman modes. However, this calculation cannot be performed for all relevant nanotubes. The DFT-based electron dispersion requires quasiparticle corrections and the phonon dispersion for metallic nanotubes is known to display Kohn anomalies. 25 The calculation of both of these effects is unfeasible at the DFT level for chiral nanotubes which constitute the majority ͑up to 80%͒ of a typical sample. 2 We therefore explain the experimental data using a parameterized phonon dispersion which however adopts the most important observation of the DFT result, the k-dependent phonon softening. We include the electron dispersion from a DFT calculation which is scaled to known experimental data 26, 27 to provide accurate optical Van Hove transition energies. The parameters of the phonon dispersion are free and are adjusted to our measurement. It is described by,
Here, the k r and k are polar coordinates of the vector k − K, where k is determined by the Van Hove singularities ͑i.e., where a cutting line touches an energy contour 28 ͒ as it is shown by an arrow in Fig. 5͑a͒ . for the ͑7,3͒ tube. K , 1 are empirical parameters, ␦ = 0.06 accounts for the so-called trigonal warping effect. 14 We found that the phonon softening can be well described by the softening factor, 1 − The 2D mode Raman shifts are calculated with this model phonon dispersion ͑open symbols in Fig. 3͒ as depicted in Fig. 5͑a͒ . The k vector is determined in the triple resonance approximation by the position of the Van Hove singularities: it connects the BZ points where the cutting line of the right transition branch touches an equienergy contour near the KЈ and K points. The touching lines depend only on the ͑n , m͒ chiral indices of the SWCNTs, however, the components of k strongly depend on the electron energy dispersion. k r and k determine the phonon energy according to Eq. ͑1͒. which is half the Raman shift of the two-phonon 2D Raman mode.
A linear fit to the calculated 2D mode Raman shifts yields the linearized Raman dispersion for both the outer and inner tubes ͑dashed lines in Fig. 3͒ . The best agreement between the experimental linearized Raman dispersions ͑solid lines in This gives a Raman dispersion slope of B =64 cm −1 / eV and = 7.3 cm −1 for the inner tubes. Clearly, the model yields a good quantitative agreement between the experiment and calculation in addition to describing the observed behavior qualitatively; i.e., ͑i͒ crossing of the inner and outer tube Raman dispersion lines, ͑ii͒ smaller Raman dispersion slope for the inner tubes, and ͑iii͒ larger mean deviation from linearity for the inner tubes than for the outer ones. The larger scattering seen for the inner tube 2D Raman modes, is an inherent property of the so-called family behavior, i.e., tubes with similar diameters can have very different optical transition energies. 29 Finally, we give a qualitative explanation for the observed anomalous behavior. In general, the Raman dispersion slope of the D and 2D modes is related to the curvature ͑i.e., second derivative͒ of the phonon dispersion around the K point. As we observe in the DFT calculations, not only the absolute value but also the second derivative of the phonon dispersion decreases with decreasing tube diameter. This explains the smaller Raman dispersion slope for the inner tubes. However, this alone is not enough to explain the crossing of the Raman dispersion lines. It is a consequence of the electronic structure.
Figures 5͑b͒ and 5͑c͒ show phonon dispersions for two inner-outer tube pairs which have nearly equal optical transitions around 1.2 eV and 2.5 eV, respectively. Solid lines are calculated according to Eq. ͑1͒ as a function of k r . The larger separation between the solid lines for larger k r 's is due to the k dependence of the softening. The k r values for an inner and outer tube swap order for the two different excitation energies: k r is larger for the outer tube at 2.5 eV, whereas it is larger for the inner tube at 1.2 eV. The softening of the inner tube phonon dispersion is therefore partially compensated by the larger k r values, which causes the crossing of the Raman dispersion lines at small excitation energies. This behavior of the k r is due to the fact that the electron energy dispersion is softened by the curvature in the vicinity of the K point for small diameter tubes. This is known as the redshift of the optical transition energies 26, 27, 30, 31 and curvature-induced changes of this kind were first described in Ref. 32 . It means that for a given laser excitation a smaller diameter inner tube is in resonance than expected without the redshift effect. A smaller diameter inner tube has necessarily sparser cutting lines, which gives rise to the larger k r .
IV. CONCLUSIONS
In summary, we presented energy-dispersive Raman data for the D and 2D modes in DWCNTs. The Raman dispersion slope is smaller for inner than for outer tubes and at lowenergy excitations the inner and outer tube Raman lines reverse their positions. First-principles calculations indicate a curvature-induced and wave-vector-dependent phonon energy softening. Including this effect in a model phonon dispersion, together with the curvature related redshift of the first optical transition in small diameter tubes allows to explain the data quantitatively. ͑Color online͒ ͑a͒ Triple resonance scenario in the small diameter ͑7,3͒ tube and ͓͑b͒ and ͑c͔͒ the calculated phonon energy as a function of k r for tubes which are in resonance around 1.2 and 2.5 eV. Symbols show the k r values selected by the resonance condition for the given tubes. Note that k r is larger for the ͑7,3͒ tube than for the ͑17,3͒, which partially compensates for the softening.
